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Abstract 

The algebra of functions on K-Minkowski noncommutative spacetime is studied 
as algebra of operators on Hilbert spaces. The representations of this algebra are 
constructed and classified. This new approach leads to a natural construction of 
integration in K-Minkowski spacetime in terms of the usual trace of operators. 


1 Introduction 

Some approaches to Quantum Gravity mm are based on the idea that at Planck- 
length distances geometry can have a form quite different from the one we are fa¬ 
miliar with at large scales. In particular, Doplicher et al. [T] explored the possibil¬ 
ity that Quantum Gravity corrections can be described algebraically by replacing 
the traditional (Minkowski) spacetime coordinates with Hermitian operators 
(/U, 1 / = 0,1,2, 3) which satisfy nontrivial commutation relations 

A noncommutative spacetime of this type embodies an impossibility to fully know 
the short distance structure of spacetime, in the same way that in the phase space 
of the ordinary Quantum Mechanics there is a limit on the localization of a particle. 

However, the idea of the spacetime noncommutativity has a more ancient origin 
which goes back to Heisenberg and was published for the hst time by Snyder mm- 
The motivation at that time was the hope that noncommutativity among coordinates 
could improve the singularity of quantum held theory at short-distances [5]. 

Noncommutative geometry emerges also at the level of effective theories, for ex¬ 
ample in the description of Strings in the presence of external helds mm. or in the 
description of electronic systems in the presence of external magnetic-background [8] . 
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There is a wide literature on the simplest “canonical” noncommutativity charac¬ 
terized by a constant value of the commutators 

where is a matrix of dimensionful parameters. This noncommutative spacetime 
arises in the description of string M-theory in presence of external fields [9]. 

In this paper we consider another much studied noncommutative spacetime, called 
K-Minkowski spacetime, characterized by the commutation relations 

[xo,Xj] = iAxj [xj,xfc]=0, j = 1,2,3 

where A G ]R\^o represents the noncommutativity parameteil^. To be simple we shall 
consider A > 0 in this paper. This type of noncommutativity, introduced in m, 
is an example of Lie-algebra noncommutativity where the commutation relations 
among spacetime coordinates exhibit a linear dependence on the spacetime coordi¬ 
nates themselves 

[X^,X,,] = 

with coordinate-independent Cjlu- This algebra was proposed in the framework of 
the Planck scale Physics m as a natural candidate for a quantized spacetime in the 
zero-curvature limit. 

Recently, K-Minkowski gained remarkable attention due to the fact that it provides 
an example of noncommutative spacetime in which Lorentz symmetries are preserved 
as deformed (quantum) symmetries [l2l HU E]. In particular, Majid&Ruegg [lO] 
characterized the symmetries of K-Minkowski with the so called K-Poincare algebra 
m already known in the Quantum Group literature as significant example of defor¬ 
mation of the Poincare algebra. 

The analysis of the physical implications of the deformed K-Poincare algebra has 
led to interesting hypotheses about the possibility that in K-Minkowski particles are 
submitted to modified dispersion relations [16] which agree with the postulates of 
Doubly Special Relativity theories [13 [m, recent relativistic theories with both an 
observer-independent velocity scale and an observer-independent length scale (possi¬ 
bly given by the Planck length). 

Over the past few years there has been a growing interest in the construction of 
field theories on K-Minkowski (see for example mm)- The approach to this study 
has essentially been based on the introduction of a deformation of the product among 
the coordinate functions. This deformed product (called star-product) replaces the 
commutative product and makes it possible to map a noncommutative theory into 
a theory with commutative functions multiplied through the deformed product m- 
In this way an analysis of field theories in noncommutative spacetime results to be 
quite similar to the one adopted in the ordinary commutative spaces. 

However, several technical difficulties are encountered in this construction, and 
the results obtained so far are still partial, especially in comparison with the result 
obtained for the canonical noncommutative spacetime [21| . 

^Historically, the noncommutative parameter n = A“^ was introduced. This explains the origin of the 
name “K-Minkowski”. 
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In this paper we propose a new approach to the study of K-Minkowski spacetime 
based on the analysis of K-Minkowski algebra as algebra of operators represented on 
Hilbert space. Besides the interest this analysis provides by itself, it might also prove 
useful in understanding the source of the technical problems encountered so far in 
the construction of a field theory on /t-Minkowski. 

We write the fields in K-Minkowski as Fourier expansion in plane waves, as we 
usually do in commutative field theory, with the difference that in this case the plane 
waves are functions of noncommutative coordinates. These waves are shown to be 
the elements of a unitary Lie group corresponding to the ^-Minkowski Lie algebra. 
In this way the problem of the representations of the K-Minkowski fields reduces to 
the problem of the representation of a Lie group. 

We show that it is possible to obtain a Schrodinger representation of this group 
on L^(M) by introducing Jordan-Schwinger (JS) maps [22j between the Quantum 
Mechanics operators of position and momentum and the generators of K-Minkowski 
algebra. 

The Schrodinger representation is the simplest one but is not the only one pos¬ 
sible. We study the problem of the existence and the classification of the other 
representations of ^-Minkowski group. 

Since K-Minkowski group is a semidirect-product group, by using the technique of 
induced representations, we are able to classify all unitary irreducible representations 
(UIRs) of it. We discover that they are all unitarity equivalent to two classes of 
Schrodinger representations. 

As the K-Minkowski fields can be represented as operators on Hilbert space they 
form a C'*-algebra and we show that, under some hypotheses, this is the C*-algebra 
of compact operators on L^{R,dfi), with a particular choice of nontrivial measure 
dpi. 

Moreover the knowledge of representations of K-Minkowski algebra leads to a 
natural construction of integration in K-Minkowski as trace of operators. We show 
that in this way we recover a proposal of cyclic integration recently obtained in 
literature with different approaches. 

The paper is organized as follows. In Sec. [2] we introduce the algebra of n- 
Minkowski spacetime. In Sec. [3] we construct the Lie group corresponding to the 
K-Minkowski algebra. Section [His devoted to the representation theory. In the first 
part of the section we use the JS maps to obtain the Schrodinger representation (on 
LP‘{R)) of the K-Minkowski group. In the second part of the section the technique 
of the induced representations allows us to prove that all lURs of the K-Minkowski 
group are unitarily equivalent to the Schrodinger one. In Sec. [5] we discuss the 
properties of the k-M inkowski C'*-algebra. Finally, in Sec. [6|we construct an integral 
in K-Minkowski using the trace of operators. 
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2 /^-Minkowski Spacetime 

Let us consider the four-dimensional Minkowski spacetime viewed 

as a vector space with basis given by the real coordinates xjl. This vector space can 
be made into a (Abelian) Lie algebra go by introducing a trivial bilinear operation 
(Lie bracket) [, ] : go x go ^ go 

[Xfj,,Xy\=Q. ( 1 ) 

Now let us consider the flat vector space -with basis and replace the trivial 

Lie bracket ([T]) with the following one 

[xo,Xj] = zAxj [xj,xfc] = 0, j,/c = 1,2,3. (2) 

The flat vector space M^^d) endowed with this Lie bracket is called K-Minkowski space- 

time. The K-Minkowski coordinates x^ with relations ([2]) generate the K-Minkowski 
Lie algebra g^- In the limit A —> 0 the commutative Minkowski algebra is recovered 


lim gA = go (3) 

A—^0 

As we have mentioned in the Introduction, we are interested in the extension of 
the notion of classical field^ on K-Minkowski noncommutative spacetime. 

It is well known that a classical field on the commutative Minkowski spacetime 
M^^d) eg ^]2 |)e represented as a Fourier expansion in plane waves 

f{x)= [ Skdw f{w, k) ^ (- 4 ) 


where /(m, k) is the standard Fourier transform of the function /(x), and the function 
^iwxo-ikjXj meaning of a plane wave. 

Inspired by the commutative case we would like to write the noncommutative 
fields in K-Minkowski as a Fourier expansion in noncommutative exponential func¬ 
tions. But because of the noncommutativity of the coordinates x^ there is an am¬ 
biguity in generalizing the exponential function noncommutative 

case. One possibility is the time-to-the-right exponential 


X,, 


e-ik, 


Xj g^^^;xo 


(5) 


but the alternative choice and many others are also possible. However, since all 

these maps are connected by a change of variables /c^ (see m) the particular choice 
of map is not relevant for our study. In this paper we prefer to base our formalism 
on the time-to-the right notation only because it involves some advantages in the 
calculations. 

^In this paper Greek indices take values from zero to three while Latin indices take values from one to 
three. The Minkowski metric is taken to be of signature (H-). 

^Even though we are dealing with classical fields a sort of quantization naturally arises from the non¬ 
commutativity of the spacetime coordinates, but this quantization has not the meaning of the second- 
quantization in particle Physics. 
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Using the time-to-the right exponential the K-Minkowski generalization of (jH) 
takes the form 

F(x) = W(/(x)) = J (fkdw f{w, k) (6) 

where f{w,k) is the classical Fourier transform of the commutative function f{x). 
The commutative case suggests the interpretation of the noncommutative functions 
noncommutative plane waves. 

This “quantization” is conceptually similar to the Quantum Mechanics quan¬ 
tization (see [23] ) for a detailed description). The basic observables of Quantum 
Mechanics {Qj,Pj) satisfy the Heisenberg algebra (or canonical) commutation rela¬ 
tions 

[Qi,Pj]=ih [Qi,Qj] = [Pi,Pj]=0, i,j = 1,2,...n (7) 

and the Weyl quantization of the Phase Space is given by the following map 

P(Q, P) = W{f) = J cPacPfd f{a, (3) (8) 

which has exactly the same structure of the map in Eq. Q. The operators W{f) 
are called Weyl operators. In analogy with this name we call the operators W(/) 
K-Weyl operators. 

The structure of the algebra of Weyl operators ([8]) has been largely investigated 
in literature. It is a C*-algebra of the compact operators on Lp‘{R), and its represen¬ 
tations on Hilbert space are very well-known. 

The algebra of K-Weyl operators ([6]) instead is quite new and there are no studies 
about its representations on Hilbert spaces. The purpose of the present paper is 
to investigate this problem. Since the K-Weyl operators are Fourier expansions in 
the elements -we are essentially interested in the representations of these 

elements. As we will show in the next Section they are the elements of a unitary 
Lie group associated with the K-Minkowski Lie algebra 0 a- Thus we are essentially 
interested in representing this group. 


3 Av-Minkowski Lie Group 

In this section the Lie groups of the K-Minkowski Lie algebra 0 a are constructed. 
The technique we use is based on the Baker-Cambpell-Hausdorff (BCH) formula 
and represents a generalization of the technique employed in the construction of the 
Heisenberg group d?]). We start this section by reviewing the construction of the 
Heisenberg group and then we generalize the procedure to the case of K-Minkowski. 

3.1 The Heisenberg Group 

The Heisenberg algebra ([T]) can be reformulated as a Lie algebra by introducing a 
further basis vector C such that 

[Qj, Qk] = [Pj, Pk] = [Qj , G = [Pj , C] = 0, [Qj, Pk] = i6jkC (9) 
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the relation to the previous commutation relations d?]) being that they correspond to 
the case C acts by h. Introducing the generators r(a, (3, 7 ) = '^jictjQj + l3jPj +'yC), 
Eq. ([9]) reads 

[r(a, f3, 7 ), r(a', /3V)] = ^( 0 , 0 , i{a/3' - a'(3) 

A Lie group associated with the Heisenberg algebra can be obtained using the BCH 
formula (see [ 21 |) 

gr(a,/3,7) gr(a',/3Y) = ^T{afi^)+T{a',l3'P)+\T{0fi,i{al3'-a'0)) ^ gr(a+a',/3+/3'+7+7' + i(a/3'-a'/3)) 

The identification of the element a, /3 ,7 G with the element makes 

]^ 2 n+i group, called Heisenberg group, with composition law 

(a, (3, 7 )(a', /?', 7 ') = {a + a',P + (3', 7 + 7 ' + ^{af3' - a (3)) (10) 

We notice that the elements e* which appear in the Weyl-quantization 

map ([ 8 ]) are elements of a unitary Heisenberg group with 7 = 0. 


3.2 The «;-Minkowski Group 

In Ref. [25] we have shown that the construction of the Heisenberg group (IlOp can 
be generalized to any Lie-algebra. The only difference is that the composition law is 
no longer Abelian. 

Here we show this result in the case of ^-Minkowski using the same procedure 
adopted in the Heisenberg case above. It is sufficient to work in 1-|-1-dimensions, the 
result being straightforwardly extendable to any dimension. 

Let us write the commutation relations of 1-|-1-dimensional K-Minkowski algebra 
in the form 

[(axo -|- /3x), (a^xo -|- 03t)] = iX{al3' — a f3)'k 
By introducing the generators T = axo -|- /3x we see that 

[T{a, f3),T{a',P')] = iXT{0, a/3' - a'/3). 

As in the case of the Heisenberg algebra, a Lie group associated with the K-Minkowski 
algebra can be obtained by the BCH formula 

e^' = e'r+r'+i[T,r']+i^[T[TT]+[[T,r'],T']]+..^ 


where T = T{a,f3) and T' = T{a',/3'). The series in the exponential function at the 
right side has been computed [26] and the following relation has been obtained 




) '• ’ 0(q: + q:') ^ 


( 11 ) 


where = *(1 ~ e*'^“)/Aa. Also in this case, as in the Heisenberg-group case, 

the identification of the element a, f3 G with the element makes into a 

group. 
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We notice that the elements e which appear in ([ 6 ]) are elements of a 

unitary K-Minkowski group with a = iw and /3 = —ik/(j){iw), in fact 

gT{a,l3) _ ^T{0, 4>{a)l3) ^T{a,0) _ 


with the following group law for {w,k') 

{w, k) ■ {w', k') = {w + w' ,k + e~^'^k') 


( 12 ) 


This relation is easily generalized to 1+3 dimension 



(13) 


Thus we have found that the “plane waves” g M} in ([ 6 ]) are the 

elements of the unitary Lie group for the K-Minkowski Lie algebra with composi¬ 
tion law (fT3]i and identity given by the element ( 0 , 0 ). We shall refer to this group 
as the K-Minkowski-group and we shall denote it with the symbol U\. 

4 Representation Theory 

In this section we look for irreducible representations of the K-Minkowski group IA\ 
on Hilbert spaces. 

Let us remind that a representation of a group G on a Hilbert space Tf is a map 
p : G —> L(?f) of G into a set of linear operators on Ti satisfying the conditions 


p{ah) 

P{e) 


p{a)p{b), a,b e G 

1 


where {e} is the identity of G. The dimension of the representation is defined as the 
dimension of 7i. 

First of all we notice that lAx is a solvable group. For any two elements x,y ^ G 
the set of elements q = xyx~^y~^ form a group Q called commutant of G. Set Q = Qq 
and Qi the commutant of Qo) Q 2 the commutant of Qi etc... If for some m we have 
Qm = {e} then the group G is said solvable. It is easy to check from (fT^ that in the 
case of the second commutant is Qi = (0,0), then hl\ is solvable. 

We can then apply Lie’s theorem which states the following (see [27j): 

Lie Theorem: Every finite-dimensional irreducible representation of a connected 
topological, solvable group G is one-dimensional. 

It is easy to see that the only one 1-dimensional irreducible representation of IA\ 
is realized for A = 0 and it coincides with the representation of the Abelian group 
on the real line M. However, we are interested in irreducible representations of k- 
Minkowski for A 7 ^ 0 then we need to search for them in infinite dimensional Hilbert 
spaces. 

In the first part of this Section, we show how to obtain some irreducible repre¬ 
sentations of IA\ using the JS maps. In particular, we give the explicit expression 
of two classes of Schrodinger representation of IA\ on 1? (M). In the second part we 
use the technique of induced representations to prove that all the possible irreducible 
representations of IA\ are unitarily equivalent to these two classes of Schrodinger 
representations. 


7 


4.1 Construction of /t-Minkowski representations through 
Jordan-Schwinger maps 

Here we show that the representation of the generators Qj,Pj of the Heisenberg 
algebra provides us an easy way of obtaining representations of the K-Minkowski 
generators x^. Our idea is based on the introduction of Jordan-Schwinger maps tt 
from the coordinates of K-Minkowski to the generators Qj , Pj 

(QjjPj) 

These maps can be extended to the exponential functions obtaining 

the representations of the K-Minkowski group on the Hilbert spaces on which the 
Heisenberg algebra is represented. 

The JS map was originally introduced by Schwinger to deal with angular momen¬ 
tum in terms of harmonic-oscillator creation and annihilation operators (oj, ap, j = 

1, 2, satisfying the standard commutation relations [aj, a^] = 5jk- However, since the 
creation and annihilation operators (a, a*) can be connected to the Quantum Me¬ 
chanics generators {[Q,P] = i) by the following relations 

iVT 

we prefer to write the JS maps in terms of {Q,P). 

A realization of SL[2) in terms of Q, P is given by: 

Ji = \{QiQ2 + PiP2) J2 = \{QiP2-Q2Pi) h = \{QI - QI + Pf - P^) 

we have in fact 

Jk\ ^^jklJl 

In Ref. [22] a generalization of JS map is given for all three dimensional Lie- 
algebras. 

The following form of the JS map 7r+ is suggested for the generators of 1 J- 1- 
dimensional K-Minkowski Lie algebra 

7r+(xo) = A^P, vr+(x) = Ae" a (14) 

This map is easily extendable to the 1-1-3 -dimensional case but we prefer to work in 
two dimensions and then to extend the result to 1 J- 3 dimensions. 

The JS map above is a Lie-algebra homomorphism 

[7r+(xo),7r+(x)] = A^[P, e“^] = iA7r+(x) (15) 

and in particular, it is a Lie-algebra ^-homomorphism 

= 7r+(x^) = 7r+(xp (16) 


Thus this map reflects the hermitian property of x^. 




This map is not unique. A wide class of JS maps can be constructed from (jl4p 
by canonical transformations 

Q^Q',P^P': [Q',P']=i 

In fact, the canonical condition [Q', P'] = i assures that [7r'(xo), 7r'(x)] = iA7r'(x). 

However another class of JS maps exists which is not possible to connect with the 
previous one. In fact consider the map 

7r_(xo) = A^P, 7r_(x) = — Ae“^ (17) 

which also reproduces the ^-Minkowski commutation relations. Despite the two maps 
differ by a sign, it is not possible to find a canonical transformation Q, P —> Q', P' 
that maps vr_(x) into 7r_|_(x). As we shall see later, this fact has implications in the 
classification of the irreducible representations of the K-Minkowski group. 

The JS maps allow us to represent the operators x^ on the Hilbert spaces in which 
the generators Q, P of the Heisenberg algebra are represented. 

Here we focus on the Schrodinger representation of the Heisenberg algebra, with¬ 
out worrying about other representations. The Stone-Von Neumann theorem states 
in fact that once we have chosen a non-zero Plancks constant, the irreducible repre¬ 
sentation of the Heisenberg algebra is unique (see [24]). The Hilbert representation 
space of the Schrodinger representation is P^(M), the vector space of all square inte- 
grable complex-valued functions on M, 

P^(]R) = {?/): M ^ C, ll'j/’lP = [ dxip{x)ip{x) < 00 } (18) 

Jr 

The generators Q, P are represented on L^(M) in the following way (see Appendix [C] 
for details about our notation); 

Qip{x) = xil}{x) Pijj{x) = —idx'ipix) 

Through the map (I14h we get the Schrodinger representation of x^ on L^(M) 

xoV’(a;) = -iX^dx'il^ix) 
xTp{x) = \e~^ il){x) 


where '!/;(x) e P^(M). 

If we extend the map 7r+ as ^-homomorphism to the Universal Enveloping Algebra 
(UEA) of K-Minkowski Lie-algebra such that 

7r+(x^x")=7r+(xo)™7r+(x)" 

we obtain the following map 7r+ on the elements of the K-Minkowski group IA\ 

_ Q 

_ g-ifc7r+(x)gi«)7r+(xo) _ ^-iXke X ^iX'^wP 
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By using the Quantum Mechanics formalism summarized in Appendix [Cl we can 
represent the operator 7r_|_ on L^(M) and obtain 

In this way we have obtained a map /9+ : IA\ ^ I7(L^(M)) from the K-Minkowski 
group IA\ to unitary operators on I? (M) 

p+{w,k)il>{x) = ^'ijjipx + X^w) (20) 

The same procedure for the map tt- (I17p leads to the following unitary represen¬ 
tation of IA\ on L^(M) 


P-{w,k)‘ip{x) = ^'ijj{x + X^w) (21) 

At this level of discussion we have only exhibited two kinds of representations of 
Ux and we have shown how they can be obtained through JS maps. We do not want 
to analyze here the problem of classification of all representations of the K-Minkowski 
group. In the next section, however, we shall prove that any irreducible representation 
p can be connected by a unitary transformation U to the representation /3_|_ or p- 
which exhaust the classification of all irreducible representations of the K-Minkowski 
group. 

It is easy to prove that these representations are irreducible. We show it in the 
case of /9+. Suppose that it exists a subspace V C L‘^{R) left invariant by p+{w,k). 
Consider a nonzero vector ij} £ V and a vector </> G VA where V± is orthogonal to V. 
Since p+iw, k)il> G V, we have that 

{(j), p+{w,k)il;) = 0, Vr(;,/cGM 

and using the explicit representation of p+{w,k) 

J ^ (p{x)^{x + X^w) = 0 Vrc, A; G M 

which can be rewritten as 

-A [ dy^e-*^2^(/.(Alog(-))iA(Alog(^^)) = 0 Vu;,fcGM 

J y y y 

which means that 

0(ij) A Ap'^"' 

-(/)(Alog(—))V^(Alog(-)) = 0 Vtc G M,V?/ G M+ 

y y y 

setting y = Ae“^ we get 

cj){x)'ip{x + X^w) = 0 \/w G M, Vx G M 
Since ip ^ 0 and w is arbitrary then 0 = 0 and V = L^(M). 
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4.2 Construction of /t-Minkowski representations through 
the technique of the induced representations 

As we will show below the K-Minkowski group (1121) is a semidirect-product group 
and in the case of semidirect products the technique of induced representations is 
very powerful. In fact there is a Theorem m stating that every lUR of a semidirect 
product G is induced from the representation of a proper subgroup of G. Thus, this 
technique allows us to classify all lURs representations of the group. 

We say that a group G is the semidirect product of two proper subgroups S, N C 
G, and we denote it as G = 5 x A^, if 

i) the subgroup N is normal, i.e. for any g ^ G and n £ N the element gng~^ is still 
in N. 

ii) every element g £ G can be written in one and only one way as g = ns, where 
n £ N and s £ S. 

The group S acts on N by conjugation. Let s> n denotes the action of s G S' on 
n£ N: 

s > n = sns~^ (22) 

We can write the elements of G as ordered pairs g = {s, n), and imagine that the 
subgroups S' = (s,0) and N = (0, n). The composition law of the semidirect product 
G = S t< N takes the following form 

(si,ni)(s2,n2) = (si • S2, ni • si O 712 ) (23) 

where the symbol • denotes the composition law in S' and N. 

In the case of the K-Minkowski group U\ (fT^ . we can identify the groups S' and 
N as the two Abelian subgroups S' = {(rt;,0), u; G M} and N = {(0, k), k £ M}. The 
composition law • is the standard sum. The action of S' on A^ is given by 

s t> n = sns~^ = (w, 0)(0, k){—w, 0) = (0, e~^'^k) (24) 

Identifying the element {w, 0) = w and (0, k) = k we write the action above as 

wok = e-^^k (25) 

The construction of induced representations of a semidirect product S' k A^ is 
based on two notions: 

• the orbits On which are the set of all points in N (the dual space of A^) connected 
to a point n G A^ by the action of S' on h. 

• the stability group S'a which is a subgroup of S which leaves invariant the 

- ^fi 

orbit On {k <\w = k, for any w £ Sq_ , k £ On). 

By definition, the dual space of a group is the set of equivalence classes of all con¬ 
tinuous, irreducible unitary representations of the group. Since in the K-Minkowski 
case N is Abelian, any irreducible representation of it is one-dimensional, then it 
is represented in the complex space C. The unitary irreducible representation of N 
consists then of the functions h : N ^ C such that 

|n(n)| = 1 

h(nin2) = h{ni)h{n2) 
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Notice that this is just the definition of characters of N, thus the space N coincides 
with all characters of N. In our case N = {{0,k)} ^ {k} and we denote with fc G iV 
the dual of fc G As N is isomorphic to M, every character k(-) has the form 

k{k) = kGR (26) 

and also N is isomorphic with M (and with N itself). 

Using the duality between N and N we hnd the action of S on iV 

k{w >k) = = {k < w){k) (27) 

Thus the action of an element u) G S' on A: G is given by 

k<]w = e-^^k (28) 

The set of all A: <1 rc for a given k € N and \/w G S, is called orbit of the character 
k, and is denoted by Two orbits and either coincide or are disjoint. 
Thus the dual space N decomposes into nonintersecting sets. 

In our case, the orbit Oj^ of the point fc G iV is the set = e~^‘^k for all re G M. 
We can identify each orbit with its value k = I at w = 0. Thus, we can distinguish 
two types of orbits: 

1. the orbits with I ^ 0 

2. and the orbits with I = 0 

The first set of orbits does not have any stability group Sq = {0} C S, while the 
second orbit is a fixed point under the action of any element of S, then Sq = S. 


In order to construct and classify the lUR of «:-Minkowski we use the following 
theorem which states that every irreducible representation of a group G of semidirect- 
product type is induced from the rmresentation of a subgroup K <Z G. 
lUR Theorem. Let G be a regula^ , semidirect product S tK N of separable, locally 
compact groups S and N, and let N be Abelian. Let T be an lUR of G. Thus: 

i) One can associate with T an orbit O in N, the dual space of N. Each orbit 
has a stability group Sq 

ii) The representation T is unitarily equivalent to a representation induced by 
L, the irreducible representation of the group Sq tK N. 

Hi) The representation in ii) is irreducible. 

(for a proof see [27] ) 

According to this Theorem, every lUR of the K-Minkowski group (|12p is a repre¬ 
sentation induced by an lUR of the stability subgroup Sq tK N associated with the 
orbits Z / 0 or / = 0. 

In Appendixj^the explicit form of the representation p^^ of the element {w, k) G 
U\ is constructed: 

®We say that G is a regular semidirect product of N and S' if A contains a countable family Zi, Z 2 ,... 
of Borel subsets, each a union of G orbits, such that every orbit in N is the intersection of the members of 
a suitable family containing that orbit. One can show that the regularity condition is fulfilled 

by Ga. 
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1. Case I 7 ^ 0. The representation is induced by the representation L of {0} « S = 
S' ~ M, and takes the form 

+ A"®) (29) 

where '0 G L^(]R;C). This representation is parametrized by the parameter 

/ 7^ 0. 

2. Case 1 = 0. The representation is induced by the representation L of S' x = G 
and corresponds to the one-dimensional representation, that is the character 

pU) = c G M (30) 

We discuss case 1 in more detail. 

The parameter I has the dimension of a length and we can write it using the natural 
length scale of our model i.e. the noncommutativity parameter A, and since I 7 ^ 0, 
we write 

I = ±e^''“A a G M (31) 

We split the discussion of case 1 into two subcases characterized by the positive and 

negative signs of the parameter 1 . Let us focus on the first subcase (1^0) 

PK.)V’(x) = + AM 

Notice that the case a = 0 reproduces the Schrodinger representation p-{w,k) ob¬ 
tained with the JS map (fTTll 

Let us introduce now the unitary transformation 

U='ip{x + a) (32) 

We see that 

Up-{w,k)U*'il^{x) = Up-{w,k)‘ip{x — a) = ^ 'tjj{x — a + X^w) 

= ^““"^( 3 ; + A^u>) = M ;i,)V’((r) (33) 

This result shows that any representation p^^w, k) is unitarily equivalent to the 
Schrodinger representation p-{w,k) obtained with the JS map (fTTll . 

The same thing happens for the second subcase where the representations with 
different a are all unitarily equivalent to the representation p^{w,k) obtained with 
the JS map (fT4]l . 

At the end of the day we found that for the case I 7^ 0 (which is the one we 
are interested in) the irreducible representations of the /t-Minkowski group are all 
unitarily equivalent to the two inequivalent representations p+{w,k) and p-{w,k) 
obtained with the JS maps 7r± 

U*P^^t)^ = pAw,k) (34) 
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5 C*-ALGEBRAS 


5.1 C*-algebra of Weyl operators 

As we mentioned in the Introduction, the Weyl quantization of a function f{q,p) of 
the classical phase space is the linear map 

W{f{q,p)) = I dad/3/(a,/3)e“«+*^^ 

where / is the Fourier transform of /, and / G Using the Schrodinger 

representation of , W{f) can be represented on L^(E) as follows 

W{f)'tp{x) = + (35) 

This can be written by introducing the kernel K{x,y) of the operator W{f) 

W{f)'ipix) = j dyK{x,y)i){y) 

with the kernel given by 

K{x,y) = f da f{a,y — x) 


Since / G then the operators W{f) are bounded operators on L^(M) 


l|W^(/)ll<ll/lli 


The set all bounded operators W{f) on L^(M) equipped with the standard prod¬ 
uct, the norm 


and the involution given by the adjoint operation on L^(R), is a C'*-algebra. We show 
now that the C'*-algebra generated by W (/) is a C'*-algebra of compact operators on 
L2(M). 

Theorem: The operator W{f) defined by (E^) is a compact operator on L^(M) 
for a// /G L1(]R2). 

Proof: 

Let us show first that if / G then W (/) is the set of Hilbert-Schmidt operators, 

i.e. 

tr[W*{f)W{f)] < oo 


The trace can be computed with the kernel in the following way 


J dxdy Kw(f){x,y) Kw*^f){y,x) 


tr[W*{f)W{f)] 




Since the map f ^ Kf is unitary, hence norm preserving, we have that 
I d^dy\K^^n(x,vr ^ I dadp\f{a, P)\‘^ < oo V/eL^(M^) 

Thus, W{f) is compact for / G n L^, hence for f € since ||hh(/)|| < ||/||i 
and the norm limit of compact operators is compact |24j . 


5.2 C^-algebra of /^-Minkowski operators 

The linear map ([6]) 

W(/) = [ d^k f{k) 


(36) 


can be represented on L^(M) using the representation (|2^ (setting / = A to be simple) 

>V(/)V^(x) = J d^k f{k)e^^’^^~^i/j{x + X‘^w) (37) 

Since / G L^{E?) the operators VV(/) are bounded operators on L^(M) 

l|W(/)||<||/||i (38) 

The set all bounded operators W(/) on L^(M) equipped with the standard prod¬ 
uct, the norm 


= e LHm 


(39) 


and the involution given by the adjoint operation on L^(R), is a C'*-algebra. 

Now we ask under which hypotheses the K-Minkowski operators kV(/) are compact 
operators. Following the case of Weyl operators W{f) we compute the trace 


tr[W*(/)W*(/)] = j dxdy\K^(^f){x,y)f 
where the kernel is given by 

Ky^[f){x,y) = J dwdk f{w,k) S{x — y + X^w) 
A direct calculation shows that 


(40) 


(41) 


dxdy\Ky^^(f){x,y){^ = / dxdy dwdkdw'dk' f{w,k)f{w',k')e 

5{x — y + X‘^w)6{x — y + X^w') 


i\ke A ^—iXk'e X 


= ^ ^ J dxdy dwdkdw'dk'dzdz' f{w,k)f{w',k')e 


iXke ^ —iXk'e ^ 


X—V ■ / x—v 


= A / dxdydzdz' f{z,e >~)f{z',e ^)e 




,/ 

dxdzdz' f{z,e~^)f{z',e~^)e ^''^6{z — z') 

dz dx\f{z,e~^)\'^ = J dzdx ^ \f{z,x)f 
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Thus the K-Minkowski operators W(/) are Hilbert-Schmidt operators if / £ 
with djj. = Xdzdx9{x)/X. And, as we showed for Weyl operators, W(/) is compact 
for / G n L^, hence for / £ L^(M^,d/r) since ||VV’(/)|| < ||/||i and the norm limit 
of compact operators is compact. 


6 Construction of a cyclic integration 

In this section we focus on one particular choice of representation of among the 
ones illustrated above 

y 3 

7r(xo)V'(a:) = -- '^[QjPj + PjQj\ip = iX + -)'ip 

i=i i=i 

TT{-Xj)lp{x) = Qj 1 p{x) = Xj'lp{x) (42) 

with the factor A for the correct physical dimensions. 

The JS map (14211 is connected with the JS maps 7r± through the transformation 

Q^g' = ±Ae-A = (43) 

_Q 

We notice that the transformation Q —> e a maps the Hermitian operator Q into 

_Q 

a positive operator. The other transformation Q —> —e a instead maps Q into a 
negative operator. Thus the JS map tt is connected to 7r_|_ for the spectrum a: > 0 
and with 7r_ for the spectrum x < 0. 


We show in Appendix[B]that the two representations p and /9+ of the K-Minkowski 
group, obtained from the JS maps tt and 7r+, are unitarily equivalent, i.e., there is a 
unitary transformation U : L^(M) —> L^(R_|_), such that 

p{w,k) = Up+{w,k)U* (44) 

Now we use the representation in Eq. (I42jl of the K-Minkowski algebra in order 
to obtain a rule of integration in K-Minkowski noncommutative spacetime. 

Let us remind that the trace of the operators VV’(/) is defined as 

trW(/) = J dxK{x,x) (45) 

where K{x,x) is the kernel of W(/) 

>V(/)V'(x) = J dyK{x,y)'ilj{y) 


It easy to see that for the representation 


K{x,x) = I dwdkf{w,k)e 2 e *^*(5(e ^^x — x)= I dwdk^^f{w,k)e 2 e 




A|x| 
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and thus the trace is 


trW(/) = j dxdk—f{0,k)e-^’^^ 
This result can be easily extended to 3 + 1 dimensions 


trW(/) = 


d^x 


■d^k /(O, k)e 


—ikx 


j 

and, using the Fourier transform formulas, we obtain the final result: 

tr>v(/)=y y3°ly /(xo,x) 


(46) 


In this way we can see that the trace (|45p of the K-Minkowski operators VV’(/) cor¬ 
responds to the cyclic integral on K-Minkowski spacetime obtained in [18] and [28]. 
In these papers, where the star-product (*) formalism was used, a cyclic integral was 
constructed by introducing a non-trivial measure 


I[W{f)W{g)] = j d^xix{x) {f{x)*g{x)) 


(47) 


and, in particular, in [T8] the explicit expression g,{x) = -p^ was obtained by imposing 
the cyclicity condition 

J d^xi^{x)[f *g - g* f] = 0 (48) 

Of course, this condition is naturally fulfilled by the request that the integral in 
K-Minkowski correspond to a trace of operators on Hilbert space 


tr[W(/)W( 5 )] = tr[W( 5 )W(/)] (49) 


7 Summary and Outlook 

The Weyl formulation of Quantum Mechanics is based on the introduction of (Weyl) 
operators. Looking for a formulation of a field theory in K-Minkowski noncommuta- 
tive spacetime a generalization of Weyl operators has been introduced. In this paper 
we studied the problem of the representations of these ^-generalized Weyl operators 
on Hilbert spaces. They are essentially Fourier expansions in terms of elements of 
the Lie group of ^-Minkowski. Therefore it has been sufficient to study the repre¬ 
sentations of the K-Minkowski group. Introducing Jordan-Schwinger maps between 
Quantum Mechanics generators and K-Minkowski coordinates the representations of 
K-Minkowski group is immediately obtained. However many JS maps, related by 
canonical transformations, are possible giving rise to several representations of the 
K-Minkowski group. The problem of the classification of all unitary irreducible rep¬ 
resentations has been solved by the technique of induced representations, and we 
found that all lURs of the K-Minkowski group are essentially led back to two types 
of Schrodinger representations on Lp‘{R). As a natural application of the representa¬ 
tion theory one can construct an integration on K-Minkowski spacetime as trace of 
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operators. This integration is automatically cyclic in the arguments and reproduces 
the result obtained in literature using a different approach. The cyclic integration 
involves the presence of a nontrivial measure d/r, which seems a characterization of 
K-Minkowski with respect to noncommutative spaces with canonical structure (in¬ 
cluding the Quantum Mechanics phase space as well). The approach of the present 
paper, based on the representations of K-Minkowski fields as operators on Hilbert 
space, opens a new way to study a field theory on K-Minkowski noncommutative 
spacetime. As one interesting application of this approach one could construct the 
area and volume operators in K-Minkowski and compute their spectra. This could 
provide a comparison with the results of Loop Quantum Gravity where a detailed 
computation of the area/volume spectra has been done. 

ACKNOWLEDGMENTS 

I am grateful for fruitful conversations with G. Amelino-Gamelia, E. Blanchard, 
S. Doplicher, D.E Evans and E. Lizzi. I would also like to thank L. Jonke, L. Moller 
and E. Tsouchnika for helpful interactions and proofreading of this article. My work 
is supported by “Quantum Spaces-Noncommutative Geometry” EU Network. 


A Construction of induced representation 


In this appendix we construct explicitly the induced representations of K-Minkowski 
group. 

Let Lh be a unitary representation of a closed subgroup H C G in a separable 
Hilbert space 7i. Let d^{x) a quasi-invariant measurqj on the homogeneous space 
X = H\G = {Hg, g ^ G} of the right H-coset. Consider the set of all function 
u : G ^ TL such that: 

1. {u{g),v) is measurable for all v &7i. 

2. u{hg) = Lhu{g), for all h G H and all g G G. 

3- fx \H9)\\ndKx) < oo. 

The map go Pga given by 


pLu{g) = 


I dfijxgo) 
dg,{x) 


u{ggo) 


(50) 


defines a unitary representation of G in . 

Proof: It easy to see that the map is a representation of G in 




ldfi{xgo) L 




PqMago) = 


I dgjxgogi) 

dg,{x) 


u{ggogi) = PgogMa) 


The unitarity is simply proved by noticing that 

\\pLu{g)fdg,{x) = / \\u{ggo)fdg{xgo) = 


L 


\\u{g)fdiJ,{x) 


lx 


lx 


®A quasi-invariant measure dg(x) on A = G \ is a positive measure such that dg,(xg) = p{x)dg(x) 
for any g G G. The function p{x) is said Radom-Nikodym derivative. 
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If we consider H = Sq x N, where Sq is the stability group of the orbit O, the 
formula (j50p can be rewritten making use of the following Lemmas. 

Lemma 1. Every lUR L of Sq x is determined and determines an lUR Ls - of 

where {sQ,n) G H = Sq tK N, and h/ is the fixed point under the action of Sq 
{ uf <] Sq = hf ioi any Sq G Sq. 

Proof: it is easy to see that 

'^(s^,n)(sC ,n') ,n+sC [>n') ^ ^ 

= {n,nf){s'^ > n\nf)Ls^Lg,^ = {n,hf)Ls^{n',hf)L^,^ 

and 

Lls^,n) = {n,hf)L-l = {n-\h) = 

Lemma 2. The set of function u G 7i^, such that u{hg) = Lhu{g) for any 
h G H = Sq tK N, can be written as 

u{g) = {n,n)u{s), g = {s,n) (51) 

with the condition u(sqs) = Ls^u(s) for any Sq G Sq. 

Proof: Let h = {s'^,n') then a simple calculation shows that 

u{hg) = u[{s'^,n'){s,n)\ = u[s'^s, n + s'^\> n] 

= {n + [> n,hf)u{sQs) = {n,hf){s'^ O n,hf)u{s'^s) 

= {k,nf){n,hf)Lsf^u{s) = {k,hf)Ls^^u{g) = ,„/)u(5() 

= Lku{g) 

We notice also that the homogeneous space X = [5^ x A^]\G is isomorphic to 
the space of the orbits O 

X = [Sq^ N]\G = X N]\[S X iV] ~ Sq\S ~ 6 

thus 

dLjxgo) ^ dgjsso) 
dg{x) dg,{s) 

Finally substituting (ICT) and (15^ into (1501) we obtain for G 3 go = (so,no) 

Pg^u{s) = {n,h)~^y/dg{sso)/dg{s){n + s [> no,h)u{sso) 

= \/dp{sso)/dg{s){s \> no,n)u{sso) 

= \/dp,{sso)/dfi{s){no,n < s)u{sso) (53) 

where 3 u : S ^ H and satisfy rt(sb s) = it('S), and h G O thus it is left fixed 

under the action of Sq. 

This formula gives rise to two representation according to the values of h and the 
correspondent stability group Sq. 
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1. Case h = I ^ 0. The representation is induced by the representation L of 

{0} X 5 = S ~ M. 

The character (no,h <l s) = The measure dfj,{s) quasi-invariant on S 

can be chosen as ds in fact 


(i(sso) = d{s -t- So) = ds 


In this case we have that the factor 


dnjsso) 

dfi{s) 


1. The ([5511 takes the form 


Piso,no)'^i^) = + So) 

where u £ -L^(R, ^;C). This representation is parametrized by the parameter 

/ 7^ 0. 


2. Case n = 0. The representation induced by the representation L oi S t< N = G 
In this case the (f53]l is 

+ ^o) 

and since the stability group is S, we have that u{s + sq) = Lsgu{s) for any 
So £ S. Thus the induced representation is the one-dimensional representation, 
that is the character 

pL^ = c £ M 

B Example of unitary equivalence between two 
/ii-Minkowski group representations 

Here we want to show explicitly that the two representations of the K-Minkowski 
group p and /9+, obtained from the JS maps tt and 7r+, are unitarily equivalent, i.e., 
there is a unitary transformation U : L^(R) —> L^(R_|_), such that 

p{w,k) = Up+{w,k)U* (54) 

In our case the unitary transformation U is given by 

V’(x) ^ C/'!/;(x) = ^^?/)(Alog-) (55) 

V A ® 

This transformation can be easily proved to be unitary 

\\m? = 


J dx\U^p\'^ = j 

/ 


OO \ \ 

dx\U'ip\^ = I dx—\^lJ{Xlog—)\‘^ = 

Q X X 

+ 00 

2 


roo \ \ 

/ d(Alog-)|V'(Alog-)p 

Iq X X 


dzmzr = 
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Using the explicit form of the representation 


P+{w,k)Ui){x) = 


6{x) 


p+{w, log -) = *^"'V’(A[log - + Xw]) 


X 


= e 


-^"'/2%i^e-*^^V’(A[log - + loge^"^]) 

/e X 


= e 


X 

ii,^ ,,, , X 


S — XWr, 


-e-*""V’(Alog3^) 


xe 




thus: 


p{w, k)i;{x) = ( 5 g) 

The unitary transformation U'il){x) = ^^Zfl ijj^X log j^) allows us to map p with 

V “ A 

the other representation p_ in the negative real line M_ 

A , e{-x) . 


P-{w,k)U'ip{x) = 


'-p-{w,k)'il){\og-^) = “ ^ ^ e *^'^V'(A[log + Arc]) 


_ g-AiD/2 


0(-e-^"'x) .. A 


e-*'^^V'(A[logf^ + logen) 

|x| 


A 

Aid- 


= e 


-\w/2 ^(-e ^ ^x) ,,, , A 


'’\x\ 


-e-*'=^V'(Alog- 


\x\e 


—\w ' 




C Quantum Mechanics formalism 

We can see the formalism used in terms of bra-ket notation (see Sakurai [29] )• We 
suppose the element ijjix) of the Hilbert state be 

-(/^(x) =< x\'ip > (57) 

The action of the position-momentum operators over 'il){x) is 

Q'ip{x) = x'ij){x)^ P'ip{x) = —idx'ip{x) (58) 

Let us check the commutation relation 

QP'ip{x) =< xlQPltp >= X < x|P|V’ >= —ixdx'tpix) 
PQ'il){x) =< x\PQ\'il) >= —idx < x\Q\'il: >= —idx{x'4>{x)) = —i'ip{x) — ixdx'ipix) 

Thus 

[Q,P]'il^{x) = iip{x) (59) 
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Finally, let us compute the action of the operator on the element 'ijj{x) 

^ giaxgba. ^ e“*V’(a; + b) 

This formula has been used for getting Equations pOl [2T|) . 


( 60 ) 
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